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Abstract

We present results from a case study comparing different multivariate classification methods. The input is a set of

Monte Carlo data, generated and approximately triggered and pre-processed for an imaging gamma-ray Cherenkov

telescope. Such data belong to two classes, originating either from incident gamma rays or caused by hadronic showers.

There is only a weak discrimination between signal (gamma) and background (hadrons), making the data an excellent

proving ground for classification techniques.

The data and methods are described, and a comparison of the results is made. Several methods give results

comparable in quality within small fluctuations, suggesting that they perform at or close to the Bayesian limit of

achievable separation. Other methods give clearly inferior or inconclusive results. Some problems that this study can

not address are also discussed.

r 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Astronomy, astrophysics, and particle physics
all have made rapid progress as observational
sciences in recent years. Much of this progress is
due to the development of detector technology,
coupled with a parallel development of analysis
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methods. Confronted with a daunting challenge of
extracting a small number of interesting events
from an overwhelming sea of background, both
having very similar characteristics, physicists have
become familiar with quite sophisticated multi-
variate techniques such as probability density
estimators, regression (or classification) trees,
kernel functions, neural networks, etc. Dedicated
conferences like [1] have tried to create a close link
between the observational sciences and recent
developments in statistics.
d.
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Ground-based gamma-ray telescopes are an
example of experiments exploring a new research
frontier, that are likely to benefit from the many
multivariate data analysis techniques developed in
recent years. The following sections describe very
briefly some problems arising in the analysis of
their data, and the general characteristics of signal
and background events in such devices. In this case
study, various multivariate techniques are applied
to the same set of data, in order to determine
which techniques appear to afford the best
discrimination between signal and background.
Fig. 1. Cherenkov telescope: sketch and definition of some

image parameters.
2. Reference data

2.1. Ground-based imaging Cherenkov telescopes

Ground-based atmospheric Cherenkov tele-
scopes using the imaging technique are a compara-
tively recent addition to the panoply of
instruments used by astrophysicists. The first
results were demonstrated in 1989. They observe
high-energy gamma rays, taking advantage of the
radiation emitted by charged particles as they are
produced abundantly inside the electromagnetic
showers initiated by the gammas, and developing
in the atmosphere. This Cherenkov radiation (of
visible to UV wavelengths) leaks through the
atmosphere and gets recorded in the detector,
allowing reconstruction of shower parameters.

Cherenkov telescopes on the ground can be built
with a much larger effective collection area than
detectors sent into orbit, and hence make them
respond better to the low fluxes of high-energy
primary gamma-rays. On the other hand, the
number of observable Cherenkov photons for
primary gammas of lower energy (below
100 GeV) becomes comparatively small, and
correspondingly the problems of discrimination
against background get enhanced. Optimal light
collection and the best possible use of information
thus are critical for the success of this technique.
The available information consists of pulses left by
the incoming Cherenkov photons on the photo-
multiplier tubes, arranged in a plane, the camera.
Depending on the energy of the primary gamma, a
total of few hundreds to some 10 000 Cherenkov
photons get collected, in patterns (called the
shower image), allowing to discriminate statisti-
cally those caused by primary gammas (signal)
from the images of hadronic showers initiated by
cosmic rays in the upper atmosphere (back-
ground). An early review on this subject can be
found in [2].

Hadron showers often contain an important,
and sometimes even dominant electromagnetic
component. Also, both types of showers are
subject to fluctuations. Partly, they are due to
the showering process itself; more fluctuations are
caused by the atmosphere, which acts like a
permanently changing calorimeter. Signal and
background images thus are usually distinguish-
able only with a non-zero probability of misclassi-
fication.

Typically, the image of a shower after some pre-
processing (not the subject of this note) is an
elongated cluster; its long axis is oriented towards
the camera center if the shower axis is parallel to
the telescope’s optical axis, i.e. if the telescope axis
is directed towards a point source. Hence, a
principal component analysis [3] is performed in
the camera plane, which results in a correlation
axis and defines an ellipse (see Fig. 1). If the
depositions were distributed as a bivariate Gaus-
sian, this would be an equidensity ellipse. The
characteristic parameters of this ellipse (often
called Hillas parameters [2]) are among the image
parameters that can be used for discrimination.
The energy depositions are typically asymmetric
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along the major axis, and this asymmetry can also
be used in discrimination. There are, in addition,
further discriminating characteristics, like the
extent of the cluster in the image plane, or the
total sum of depositions.

2.2. Data used in this comparative study

For our case study, we used data sets generated
by a Monte Carlo program, Corsika, described in
Ref. [4]. The program was run with parameters
allowing to observe events with energies down to
well below 50 GeV: The subsequent analysis,
nevertheless, follows the known patterns proven
for much higher energies: after applying calibra-
tion constants to the deposited energies, a trigger
algorithm is used, and some image cleaning on
pixel clusters is applied. Image cleaning eliminates
local background, e.g. that caused by the night sky
around the source to be measured, or outliers.
Subsequently, the analysis is simplified, with
hopefully little or no loss of information, by
converting the pixel image of a shower into few
image parameters as described earlier [2]. These
parameters constitute the only image character-
istics to be used.

In the work presented here we perform a general
study, applying different multivariate classification
methods to events described by 10 chosen image
parameters, without claiming the parameters to be
optimal for these events. Neither in triggering nor
in the processing up to image parameters, has any
care been taken to optimize these Monte Carlo
data. They are used only for a relative comparison
of discrimination methods. Also, no particular
care was taken to choose independent parameters
since a robust discrimination method should itself
take care of correlations between parameters.

The data consist of two classes: gammas (signal)
and hadrons (background). Events were generated
at shower energies from 10 GeV up to about
30 TeV; and for zenith angles from zero to 20�:
The samples used by all methods are identical, and
consist of 12332 gamma events and 6688 hadron
events.1
1All data and their description are available from the authors

on request (email to rkb@mail.cern.ch).
Each event is characterized by the following 10
parameters (see Fig. 1):
1
 length:
 major half axis of ellipse [mm],

2
 width:
 minor half axis of ellipse [mm],

3
 size:
 10-log of sum of content of all

pixels [photon count],

4
 conc2:
 ratio of sum of two highest pixels

over size [ratio],

5
 conc1:
 ratio of brightest pixel over size

[ratio],

6
 pdist:
 distance from brightest pixel to

center, along major axis [mm],

7
 m3long:
 3rd root of third moment along

major axis [mm],

8
 m3trans:
 3rd root of third moment along

minor axis [mm],

9
 alpha:
 angle of major axis with vector to

origin [deg], and

10
 dist:
 distance from origin to center of

ellipse [mm].
All multivariate methods studied here use
identical disjoint training (learning) and control
(test) samples. The advantage of working with
Monte Carlo events is, of course, that results can
be compared to the known classification of events.
The figures of merit used to compare methods are
estimators derived from the numerical relation
between the hadron and gamma acceptances.
3. Multivariate classification

If confronted with a single test statistic, resulting
in a one-dimensional probability density different
for signal and background events (in our case
gammas and hadrons, respectively), the discrimi-
nation is simple: by applying a cut, i.e. a selection
that retains all events with this parameter larger
(or smaller) than a fixed cut value. For a small
enough cut value one obtains zero acceptance for
both signal and background, for a large enough
cut value an acceptance equal to one for both
samples. Cut values chosen in between will make
the two acceptances lie on a curve typically
deviating from equal acceptance for the two
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samples. The deviation is the larger the better the
variable was chosen, i.e. acceptances are higher for
signal than for background events. This diagram
of signal vs. background acceptance (we use the
terms eg and ep) is known under the name
Neyman–Pearson diagram, decision quality dia-

gram or Receiver Operator Characteristic (ROC)
curve [5]. In statistical terms, the ROC curve
shows the probability of false alarm on the x-axis
and the probability of detection on the y-axis.

Note that these acceptances are directly related
to statistical quantities like power, purity, cost,
contamination, etc. Once the sample sizes
are fixed, the acceptances also define the signifi-
cance, defined in Section 5, a very important
measure for establishing the existence of an
observed source.

The classification problem becomes consider-
ably more involved when faced with multiple
variables, the multivariate discrimination problem.
Mathematically, the problem can be formulated
like this: measurements x ¼ ðx1;x2;y;xpÞ are
made and are known to belong to one of two
groups, signal or background. The task is to
construct a classifier, which associates every x to
one of the groups such that misclassifications are
minimized, on the basis of a training sample of
events with known classification.

Most of the multivariate methods provide a
model, which assigns a real-valued variable
between 0 and 1 to each of the events, which
may be understood as a confidence that the event
is signal. For these methods, a good model of
finding the new variable is the key issue, whereas
the analysis may be done in exactly the same way
as for univariate methods, i.e. the computed
confidence may be considered a new, derived,
variable fully describing the event. For these
methods, the decision quality may be represented
by the ROC curve defined above, i.e. by the
relationship between Prðaccepted jbackgroundÞ and
Prðaccepted jsignalÞ:

For multivariate methods, which do not provide
a real-valued confidence variable, at least not by
default, we have to construct several models
using different values of a learning parameter.
For each of these models, we obtain a pair
Prðaccepted jbackgroundÞ; Prðaccepted jsignalÞ:
These pairs represent points, which may be used
instead of an ROC curve.

Since the exact description of the distribution is
not known, we cannot construct the exact ROC
curves even for methods, which, theoretically,
allow this. Hence, a more pragmatic approach
has to be taken, applying the tested methods to a
standard benchmark sample. All methods used
the first 2=3 of the simulated (Monte Carlo)
background and signal events to construct the
model (training sample) and the remaining 1=3
of the data to calculate the ROC curve (control

sample).
A numerical comparison of the methods in

tabular form, which is based on selected points of
the ROC curve, is described in Section 5.
4. Different classification methods

General multivariate classification methods are
advertized in large numbers, with little or no
guidance about their virtues and shortcomings.
Some of them are available on the commercial
market. This has motivated our case study: we
compare several methods below; some we have not
tried are several variants of discriminant analysis
(see below) or variants of the kernel method, like
adaptive kernels. Also more ANN (artificial neural
network) methods than investigated here, are in
widespread use.

4.1. Direct selection in the image parameters

Selecting by parameter cuts as in the one-
dimensional case can, of course, also be applied
in the n-space of features (in our case image
parameters), one variable at a time or logically
related like with AND or OR. The problem,
however, gets unwieldy even at low n; nevertheless,
this is a commonly used method amongst physi-
cists. Wide experience with such cuts exists for all
operating Cherenkov telescopes (e.g. Refs. [2,6,7]);
any method claiming to be superior must use
results from these as yardstick. Working in one
projection at a time, correlations between the
parameters, in particular non-linear correlations,
are not easy to take into account, although cuts in
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a variable are often made dependent on the value
of other parameters (supercuts or dynamic cuts), or
the n-dimensional space gets partitioned. Decorr-
elation by standard methods (Principal Compo-
nent Analysis, [3]) does not solve the problem in
general, being itself a linear operation. Defining
new variables may also overcome some difficulties.
Usually, optimization leads to separate studies and
approximations for each new data set (past
experience), which makes results sometimes diffi-
cult to reproduce. The direct selection method also
does need an optimization criterion, and will not
normally result in a relation between gamma
acceptance and hadron acceptance, i.e. no single
test statistic is defined, although the acceptance
plane can, of course, be populated by varying the
selection criteria.

In order to provide such a relation, we chose the
cuteval method [8]. This method finds the opti-
mum combination of selection (cut) parameters
(together with the optimum cut values) on a test
sample by numerical maximization of the quality
factor Q defined Q ¼ eg=

ffiffiffiffi
ep

p
; with eg and ep

corresponding acceptances (efficiencies) for gam-
mas (signal) and protons (hadron background),
respectively (equivalent to Prðaccepted jsignalÞ and
Prðaccepted jbackgroundÞ). Q could be replaced as a
quality factor by the more adequate statistical
significance s ¼ S=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2B þ S

p
where S and B are

the number of signal and background events in
the sample retained after cuts; see also chapter 5.
The significance, however, depends on the size of
the chosen samples.

Out of the group of np ¼ 10 parameters, 20
possible cuts pi ði ¼ 1 : 2�npÞ were defined
(each being allowed to cut in one or the other
direction of the one-dimensional projection
of each parameter). In the spirit of [7], all
parameters except alpha and size were corrected
for their energy (size) dependence, yielding cuts on
combinations with the parameter size (see Figs. 2
and 3).

In a first step, the most efficient (the one
achieving the highest Q) selection parameter s1 is
determined (in this case: alphao11:8). Out of the
pool of now ð2�np � 1Þ available cuts, a second
parameter s2 is determined which achieves the
highest value of Q together with s1 and freely
varying cut values.2 Successively, more parameters
are determined until the addition of new para-
meters cannot improve Q any more. The thus
obtained m parameters sj ðj ¼ 1 : mÞ are called
‘‘independent’’. To each parameter sj belongs a cut
value cj ðj ¼ 1 : mÞ: By this procedure correlations
between cuts are taken into account and the final
number of cut parameters is reduced to a minimum
while at the same time maximizing the cut
efficiency. Surprisingly, only four ‘‘independent’’
parameters were obtained and 16 rejected. These
four cuts yield a quality factor of Q ¼ 4:070:15 on
the control sample and are the following:
alphao7:8;
length=ð�67:þ 40:�sizeÞo1:35;
width=ð27:9 � 22:5�size þ 6:7�size2Þo1:12;
size > 3:2:
In a second step, the optimum cut values of the
‘‘independent’’ parameters are calculated again, this
time maximizing Q with imposed boundary condi-
tions, e.g. a minimum hadron acceptance emin: The
obtained cut values are then fitted and parameter-
ized as a function of emin (see Fig. 4), a procedure
which defines a single event quality parameter
comparable to the ‘‘purity’’ of the sample. The
obtained modified parameterization is the following:
alphao7:3 þ 94:1�emin;
length=ð�67:þ 40:�sizeÞo1:37 þ 6:39�emin �
12:42�e2min;
width=ð27:9 � 22:5�size þ 6:7�size2Þo1:16 þ
1:24�emin;
size > 3:1 � 13:6�emin þ 44:2�e2min:
Note that the two parameters size and (cor-
rected) length ‘‘saturate’’ at high values of emin; i.e.
they are set to values with no rejection to signal or
background at all.

4.2. Classification trees and forests

The basic classifier has the form of a binary
decision tree. Its internal nodes represent tests,
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Fig. 2. Energy correction of the parameter length: A first order polynomial was fitted to the distribution of length values vs. size

obtained from simulated gamma showers (top left). The corrected values show a smaller energy dependence (top right) and better

separation between the proton and gamma samples. The lower graphs show the one-dimensional projections of the parameters length

(left) and corr.length (right).
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each of which compares a single predictor to a
fixed threshold. Each of the leaves is labeled by
one of the two classes: signal and background. The
tree may be constructed from the training set using
different strategies [9,10], which we briefly describe
later. Classification of a new case starts at the root
node of the tree. The test assigned to this node is
evaluated and the computation continues to the
left or right subtree according to the answer. This
is performed repeatedly until a leaf is reached. Its
label represents the resulting prediction.

A significant improvement over the accuracy of
a single classification tree may be achieved by
constructing a collection of several different trees
(a forest or an ensemble of predictors) and using a
voting or an averaging procedure for the classifi-
cation of new cases [11,12]. Constructing an
ensemble of predictors may improve the accuracy
of not only decision trees, but also other types of
predictors, when dealing with single predictors of
low bias but large variance [15].

Our experiments used three different strategies
to construct forests. The first two used the two
classical techniques CART [9] and C4.5/C5.0 [10]
to construct several trees, which were further
combined into a forest. In order to obtain different
trees using C5.0 and CART, we used bagging

(bootstrap aggregation), where each tree is grown
on a random subsample of the training data,
drawn with or without replacement. The last
experiment used the Random Forest technique,
which is directly designed to construct a forest [13].

Let us briefly describe the construction of a
single tree. The construction begins with all cases
being contained in the root node. The node is then
split into two nodes by a cut, using one of the
image parameters. This process is repeated recur-
sively on the new nodes. In each step, the split is
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Fig. 3. Energy correction of the parameter width: A second order polynomial was fitted to the distribution of width values vs. size

obtained from simulated gamma showers (top left). The corrected values show a smaller energy dependence (top right) and better

separation between the proton and gamma samples. The lower graphs show the one-dimensional projections of the parameters width

(left) and corr.width (right).
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chosen to achieve a maximum decrease of average

impurity. This partitioning is performed until
either all obtained regions are approximately pure,
i.e. contain a clear majority of one class in the
training data, or further splitting is not possible. In
order to avoid overfitting, the resulting tree is
finally simplified by pruning. The two tree-induc-
tion methodologies, namely CART [9] and C4.5
[10], use similar or the same definition of average
impurity, but differ significantly in the strategy for
pruning.

4.2.1. C5.0

We used C5.0 Release 1.15 (Linux PC) by
RuleQuest Research,3 which uses the C4.5 algo-
rithm for induction of individual trees, but extends
C4.5, in particular, by the option of using forests.
Bagging using C5.0 was performed by an external
3http://www.rulequest.com/
script, which called C5.0 for a sequence of
different settings of the cost for misclassification
of a background event (i.e. as signal). For each of
these settings, C5.0 was called for 80 randomly
selected subsamples, constructing one tree for each
subsample. The resulting forest of 80 trees was
then used to classify the control sample using see5-
public, an open source utility provided together
with C5.0. Each setting of the misclassification
cost gives one point in the ROC curve. The best
results were obtained, if each of the random
subsamples contained 80% of the training data.
This size of subsamples was used to obtain the
results given below.

4.2.2. CART

We used CART 4.0 (Windows) marketed by
Salford Systems4 which uses a boostrap sample for
4http://www.salford-systems.com/

http://www.rulequest.com/
http://www.salford-systems.com/
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(size and corr.length) saturate which is indicated by the horizontal lines. Also, the results of the experimental optimization are drawn as

dashed horizontal lines (they are independent of emin).
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growing the tree and the whole data set for pruning
(technically, the ‘‘test=nosample’’ option for prun-
ing was used). A sequence of settings of priors
(prior probabilities of the two classes [9]) was
selected and for each of these settings an indepen-
dent construction of a forest of 80 trees was
performed. Hence, we obtained a sequence of forest
classifiers, each of which was tested on the control
sample and the result of each forest is represented
by one point in the graph. Since different settings of
priors imply different amounts of accepted back-
ground and signal events, a curve is obtained.

4.2.3. Random forest

In the random forest method, again a large
number of classification trees is grown and com-
bined. Two random elements serve to obtain a
random forest, bagging and random split selection.

Bagging is done here by sampling multiple
times with replacement from the original train-
ing data set. Thus in the resulting samples, a
certain event may appear several times, and other
events not at all. About 2=3 of the data in the
training sample are taken for each bootstrap
sample.

Random split selection is used in each tree’s
growing process. The tree growing begins with all
cases being contained in the root node. The root
node is then split by a cut using one of the image
parameters, into two successive nodes to achieve a
classification by separation of the classes. When
using a total of 10 image parameters, three (square
root of total, an experimental best value [16]) are
chosen randomly (uniformly distributed) from the
total 10. The image parameter yielding the smallest
Gini-index [9] among these three is used for
splitting. Using only one random variable for
selection was not sufficient, but using two or four
parameters yield a result very similar to what is
obtained with three variables.
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Subsequently, the same procedure is applied to
each branch in turn. The tree growing stops only
when all nodes contain pure data, i.e. from one
class only. These nodes are then called terminal
nodes and receive their class label from the
training data.

No pruning is performed. Using unpruned trees
(in general poor classifiers) requires a reasonably
large number of them to be combined. For our
data, growing 50 trees turns out to be sufficient:
the quality of the classification in terms of the
Neyman–Pearson plot remains unchanged after a
certain number of trees has been reached (see
Fig. 5). Combining classifications from the trees is
simply done by calculating the arithmetic mean
from the 50 classifications of all trees (considered
as 0 and 1).

We used Breiman’s original Fortran sources for
the Random Forests technique [14], and verified
and extended the results using the package
randomForest 3.3-2 in R:5

The simple arithmetic mean for combination
seems to be adequate when dealing with a reason-
ably large number of unpruned trees. We also tried
weighted combinations of trees using several
different estimates of confidences of the prediction
in individual leaves, but this gave better results
only for a very small number of trees p10; which
is too small a number to assure convergence in
classification error. This fits well with the assump-
tion that a large enough forest is less sensitive to
variance than to bias.

4.3. Kernel methods

Kernel Probability Density Estimation (PDE)
methods can be used as a non-parametric multi-
variate classification technique, and are based on
the premise that the density function of the
unknown distribution can be approximated by a
sum of some other, appropriately chosen, ‘kernel’
functions [17]. ‘Non-parametric’, in this context,
simply means that no other assumptions are made
about the form of the probability density functions
(PDF’s) from which the samples are drawn.
5http://www.r-project.org/
We restricted our studies to PDE methods based
on a Gaussian kernel, which is a natural choice for
most physics analysis applications, since nearly all
variables used in an analysis have usually been
Gaussian smeared by detector resolution, or other
effects.

A typical application of Gaussian kernel PDEs
begins with a sample of N Monte Carlo events
generated in a k-dimensional parameter space. The
Monte Carlo events are distributed according to
some (unknown) probability density function
(PDF). A Gaussian kernel PDE method estimates
the value of the PDF at a point ~xx by the sum of
Gaussians centered at the Monte Carlo generated
points y1;y; yN :

f ð~xxÞ ¼
1

N jV j1=2ð2pÞk=2hk

XN

i¼1

exp �
~dd T

i V�1~dd i

2h2

" #

ð1Þ

where ~dd i ¼ ð~xx �~yyiÞ; V is a covariance matrix, and
h is an additional scaling factor. The optimal forms
of V and h are a matter of debate, but a minimally
biased estimate of the original PDE can be obtained
if one determines V from the covariance matrix of
the overall sample and the scale factor h is set to
N�1=ðkþ4Þ [18]. An attempt to optimize h showed
that the result is robust with respect to choices of h

within a factor of 2: Because the parameters of the
resulting Gaussian kernel are the same for all
points, this is known as a static kernel method.

Given a data point in the k-dimensional para-
meter space, one can use Eq. (1) to estimate, based

http://www.r-project.org/
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on the Monte Carlo generated signal events, the
signal PDF at that point, Ps: One can similarly
estimate, based on the Monte Carlo generated
background events, the background PDF at that
point, Pb: A one-dimensional discriminator can
then be formed from Ps=ðPs þ PbÞ:

Kernel PDE methods, in general, do an excellent
job of modelling complex inter-correlations in
high-dimensional parameter spaces, as long as the
PDF’s are smoothly varying within that parameter
space. They thus often perform as well or even
better than more sophisticated techniques such as
classification trees or artificial neural networks.
Static kernel PDE methods tend to suffer from the
disadvantage, however, that the discriminant
computational time per data event grows linearly
with the size of the Monte Carlo sample used as
reference. Techniques such as classification trees or
artificial neural networks, get ‘trained’ only once,
and the discriminant computational time depends
only on the topology of tree or neural network,
not the size of the Monte Carlo samples.

4.4. Artificial neural networks (ANN-s)

This class of methods has been presented
frequently in the past; ANN-s resemble the tree-
based methods in that they define simultaneous
selections in variables, but instead of the original
variables they work in locally linearly transformed
data, and the transformation itself is part of the
optimization (learning) process. Usually, the re-
sults match but are not superior in quality to
whatever reference results exist for comparison. So
far, no convincing case has been made for the use
of ANN-s on Cherenkov telescope data, although
the Whipple collaboration has tried the method
(and remained with their supercuts). There is a
substantial randomness in choosing the topology
of the net, in particular the depth of the tree, the
number of nodes, the training method, transfer
function, etc.

4.4.1. The NeuNet package

As one neural network implementation the
NeuNet-package for ROOT6 by J.P. Ernenwein
6http://root.cern.ch/.
was chosen [19]. This package allows for building
multilayer feed forward nets. For our study a 3-
layer architecture with 10 input nodes (for the 10
image parameters), 10 nodes in the hidden layer
and 1 output node (giving the classification) was
adopted. Further features of this neural network
package are random initialization of weights and
biases (boundaries for initialization of weights are
user-defined). The transfer function is implemen-
ted as sigmoid, i.e. sðxÞ ¼ 1=ð1 þ expð�xÞÞ: For
teaching the neural net, error back propagation
with a user-defined learning rate is used.

The neural network output denoted by o can be
written as

o ¼ s
X9

i¼0

w1i0 � x1i þ b

 !
; where

x1i ¼ s
X9

j¼0

w0ji � x0j þ b1i

 !
:

Here the xkl are the input values for node l; layer k

and the wklm are the weights connecting node l;
layer ðk � 1Þ with node m; layer k: dkl denotes the
biases for the input values xkl : The program
outputs training and validation errors which are
calculated as mean value of jotrue � oj of training
or control sample respectively. This is not the final
classification error, which is obtained taking
intðo þ 1 � cÞ with c being the cut value and
intð:Þ the integer operator as estimated class (and
not o itself). One must also take care of the input
values to be scaled to ½0; 1
 because the program
uses a default clipping operation. For the bench-
mark, a learning rate of 0.1 and 10 000 training
cycles were used. In Fig. 6 one can see (left) the
evolution of training and control sample errors
with the training cycles, and (right) a histogram of
the ANN output (signal probabilities) for signal
and background events.

4.4.2. NNSU—Neural Network with Switching

Units

The NNSU is a combination of a classical
neural network architecture and a classification
tree. This network is actually an oriented acyclic
graph whose nodes are structures called building
blocks. This acyclic graph will be referred to as the

http://root.cern.ch/
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Fig. 6. Two graphs typical for ANN methods. Left: evolution of training and validation errors during the training process; right:

NeuNet output for validation (control) data.
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outer graph. Each building block is a neural
network consisting of two types of nodes. These
nodes are connected such that they form an acyclic
graph again, with the restriction that the output
dimension of each building block is the same for
all building blocks in the outer graph. The first
type of node, which we call functional unit, makes
a predefined mapping from the input space
corresponding to this node to the output space
of this node. Hence such a node can be described
by a tuple of integers, input vector dimension and
output vector dimension, and by a transfer
function. The definition of this transfer function
includes the parameters of this functional unit
(weight vectors, threshold etc. in current neural
network terminology).

Functional units map corresponding inputs to
outputs, by an internal transfer function. This
transfer function is linear, the coefficients differ for
each functional unit. The second type of nodes,
switching units, collect all outputs from parent
functional units, concatenate them to form one
vector, and search a predefined number of clusters
in the set of such input vectors. We use a non-
deterministic procedure known as Jancey cluster
algorithm.

After clustering, each cluster is joined with a
corresponding child functional unit; subsequently
the parameters of this functional unit are adjusted
using patterns in the corresponding cluster only.
In fact, the division of input patterns into two
or more disjoint sets, and the consecutive
learning over these subsets of patterns, put a
separating hyper-surface into the input space. The
type of these hyper-surfaces is defined by the
type of transfer functions of the switching unit
parents.

So each building block in turn is optimized, the
output from each building block is propagated to
all children, and the output of the last building
block is considered to be the final output from the
neural network.

4.4.3. GMDH—Group Method Data Handling

The Group Method Data Handling is a poly-
nomial approximator, with the polynomial degree
controlled according to the quality of the approx-
imation reached. The selection of an appropriate
degree of polynomial is a well-known problem of
polynomial approximation. Because the degree of
the polynomial is inherently controlled according
to the character of the task solved, also the size of
corresponding neural net is controlled. In descrip-
tion of the original GMDH algorithm we quote
[20] as follows (we use approximation instead of
prediction): ‘‘We start by computing the regression
equations y ¼ A þ Bx1 þ Cx2 þ Dx1x1 þ Ex1x2 þ
Fx2x2 for each pair of input variables x1 and x2
and the output y: This will give us mðm � 1Þ=2
higher-order variables for predicting (approximat-
ing) the output y instead of the original m

variables x1;x2;y; xm: After finding these regres-
sion equations (from a set of input/output
observations), we then find out which one to save.
This will give us a collection of quadratic regres-
sion models (say, m2) which best approximate y
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(note that each approximation depends on two
independent variables).

We now use each of the quadratic equations
that we have obtained and generate new indepen-
dent observations (which will replace the original
observations of the variables x1;x2;y; xm). From
these new independent variables we will obtain
combinations exactly as we did before. That is, we
compute all of the quadratic regression equations
of y versus these new variables (two at a time).
This will give us a new collection of m2ðm2 � 1Þ=2
regression equations for approximating y from the
new variables, which in turn are estimates of y

from the previous equations. Essentially what we
have now is a collection of polynomials of degree 4
in four variables. We now merely select the best of
these estimates, generate new independent vari-
ables from the selected equations to replace the
old, and combine all pairs of these new variables.’’

The process will continue until some conver-
gence criterion is reached. Each regression equa-
tion arises from combining two variables from the
preceding set. One can see the process as building
the neural net by adding two-input neurons to the
preceding. Instead of the standard summation
function and a transfer function, the quadratic
function above is used [21,22].
Table 1

Summary of results (six quality parameters, or figures of merit) for

described in the text

Method loacc hiacc

Random Forest 0.452 0.852

C5.0 0.441 0.830

CART 0.414 0.810

Nearest Nb. 0.448 0.816

Kernel 0.443 0.803

NNSU 0.472 0.731

NeuNet 0.445 0.839

MRS 0.348 0.779

MLP 0.300 0.767

GMDH 0.280 0.736

Comp. prob. 0.332 0.728

Direct Sel. 0.306 0.636

LDA 0.195 0.638

SVM 0.124 0.586
4.4.4. MRS and MLP neural networks

Two more analyses with neural networks are
included in our results (Table 1 in Section 5): a
feed-forward network [23] with multistart random
search (MRS), and a multilayer perceptron fit [24]
(MLP). The MRS approach uses a subset of
parameters considered optimal, and selects multi-
ple intial weights and net configurations, of which
it retains the one with the best result (on the
control sample). The MLP is part of the Terra-
FerMA package [25] and puts the accent on
powerful training methods and double-precision
calculation.

4.5. Nearest neighbours

The kernel density (see above) assigns weights to
events in the reference sample, which quickly
vanish, if the distance from the new point exceeds
a certain radius controlled by the parameter h: A
similar effect may be reached even more directly
by looking only at the events in a window of a
given radius. However, the density of points in
different regions of the parameter space is
different. This has prompted us to also attempt a
method using a fixed number of unweighted
nearest neighbours. In fact, nearest-neighbour
all methods, using the full sample. The quality parameters are

Q0:5 s0:5 smax eg
2.8 8.44 8.74 0.412

2.7 8.14 8.96 0.408

2.6 7.94 8.03 0.538

2.6 8.03 9.12 0.317

2.8 8.43 8.64 0.390

3.5 9.74 9.82 0.483

3.0 8.73 8.75 0.483

2.3 7.16 7.31 0.431

2.2 6.93 7.22 0.576

2.0 6.55 6.77 0.574

2.1 6.78 6.83 0.585

1.8 5.91 7.52 0.153

1.6 5.47 5.80 0.710

1.4 4.81 5.76 0.784
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methods are simple and hence popular, their
problem being that of defining a valid metric.
Often, variables are simply scaled over their range
so that they cover the domain from zero to one, or
normalized to have zero mean and unit variance.
We have used a metric used also in the Gaussian
kernel function above. We call Cr the covariance
matrix of the variables in the overall sample, and
form the sums Sg;p of squared distances D ¼
ððx � xrÞ

TC�1
r ðx � xrÞ; summing over the k smal-

lest distances in the reference samples g and p; and
using Rg ¼ Sp=Sg as discriminating test statistic
(gammaness).

One should note that a principal component
transformation (PCA) of our 10 image parameters
(making them linearly independent) and a suitable
scaling of the new variables making use of the
eigenvalues, results in variables whose variances all
are the same and covariances are zero. The
Euclidean distance in this space fully corresponds
to the kernel distance as introduced above:

D ¼ ðx� xrÞ
Tðx� xrÞ ¼ ðx � xrÞ

TC�1
r ðx � xrÞ

where

ðx� xrÞ ¼ ðx � xrÞEr:

Er is the eigenmatrix of Cr; with each eigenvector
(column) divided by the square root of the
corresponding eigenvalue.

The computational gain by this orthogonaliza-
tion is, however, a minor one, and partly
compensated by the need to go through the linear
transformation using Er: The computation
time in our implementation is entirely dominated
by the access to every event in the reference
samples, which is the same as for the kernel
method.

A possible reduction of parameter space has
also been explored with this method, albeit super-
ficially: there is only a small loss in classification
quality when reducing from ten to eight para-
meters, but beyond that, losses become visible. The
choice of which parameters (in PCA-transformed
space) are left out does not seem to be relevant; in
particular, using this metric it does not seem
associated with the eigenvalues (regularization viz.
reduction in dimensionality often eliminates the
eigenvectors with small associated eigenvalues).
The nearest-neighbour method requires as only
choice that of a reference sample (like the kernel
method), and in addition the number of nearest
neighbours to consider. We have used the training
samples as defined for all other methods, but the
results do not appreciably change if reference
samples down to 1500 events are used, or if the
control and training samples are the same. Results
are also remarkably robust with respect to the
choice of the number of nearest neighbours: for
our benchmark, we show results for 25 nearest
neighbours (also tried were 15, 50, and 100).

4.6. Support Vector Machines

Support Vector Machines (SVM-s) (see Ref.
[26]) are currently under very active research
within the fields of neural computation and
machine learning. SVMs are examples of a broad-
er category of learning approaches which utilize
the concept of kernel substitution, thereby making
the task of learning more tractable by exploiting
an implicit mapping into a high dimensional space.
Motivated by statistical learning theory they have
been successfully applied to numerous tasks within
data mining, computer vision, and bioinformatics.
An application in particle identification has been
reported about [27]. On our samples, only a
rudimentary first attempt was made with SVM,
which was not conclusive.

4.7. Composite probabilities

This unpublished method [28] uses event prob-
abilities obtained by comparing the event data to
two-dimensional probability densities obtained
from a training sample. Densities are determined
by histogramming the training data in two
dimensions, using bins that give constant bin
content for signal data. All 2D projections are
used that can be made from the image parameters,
i.e. in our case of ten parameters 45 projections.
Each bin of each projection ends up with a
probability to be signal (due to the bin definition
always nearly the same, 1=nbins), and a probability
to be background. An incoming event thus has to
be binned; the probabilities associated by the
training sample to the bins in each projection are
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multiplied, and the product, the composite
probability, is taken as a single test statistic
(‘signalness’).

The method was previously applied to data from
running experiments (Whipple, Hegra CT1), and
(unpublished) results at least did match the best
results then existing (from tuned supercuts). On
the benchmark data set, the performance is
inferior to several of the other methods tested.

Results on the training sample are clearly better
with this method than on the control sample. This
effect is enhanced, if a systematic reduction of
projections is attempted: a major gain is achieved
in the training sample results, by eliminating
projections one at a time (typically, more than
half the projections turn out to be ‘useless’ or even
‘harmful’); this gain in the training sample,
however, translates into a small loss of quality in
the control sample.

A method using bins for likelihood classification
in n dimensions does also exist [25], but has not
been applied to the data used in this study.

4.8. Linear discriminant analysis (LDA)

This is a popular method mostly because it
results in an elegant parametric calculation. Its
objective is to find a linear combination of the
original image parameters such that the hyper-
plane defined by the transformation maximizes the
distance between the means of signal (gamma) and
background (hadron) samples, simultaneously
minimizing the variance inside each sample. The
method is fast, simple and robust; it also does not
depend on training samples. However, it ignores
non-linear correlations in n-dimensional space
(because of the linear transformation). The infer-
ior results we achieved with LDA indicate that at
least higher-order variables must be introduced
(e.g. parameters x; y can be used to obtain the
additional parameter x2y). There are variants to
LDA like Quadratic Discriminant Analysis (QDA)
and Regularized Discriminant Analysis (RDA)
which partly respond to this criticism; we have not
explored these.

The formalism of LDA is simple [29]: the
transformation into the ‘best separable space’ is
performed by the eigenvectors of a matrix readily
derived from the data (for our application: in two
classes, gammas g and hadrons p). Given samples
gi ði ¼ 1; ngÞ for gammas and pj ðj ¼ 1; npÞ for
hadrons, with nvar elements each, find a linear
transformation vector a such that the transformed
samples are g0 ¼ a � g and p0 ¼ a � p; and the
discriminating power d ¼ ðyTSbyÞ=ðyTðSb þ SwÞyÞ
gets maximized, where y is the joint set of g0 and p0:
Sb(between-class variance) and Sw (within-class
variance) are defined by

Sw ¼
X

observations

ðxi � mclassÞðxj � mclassÞ; and

Sb ¼
X

classes

ðmi � mtotÞðmj � mtotÞ

where mclass is the class mean; mtot the
overall mean; and x is the joint set of observations
g and p: This leads, for two classes, to the result:

a ¼

ffiffiffiffiffiffiffiffiffi
ngnp

p
ðng þ npÞ

ðSb þ SwÞ
�1ðmtot1

� mtot2
Þ:

Like Principal Component Analysis (PCA, [3]),
LDA is used for dimensionality reduction: LDA
reduces the high-dimensional space to a single
variable of best separation; PCA, reduces a high-
dimensional space to a space in which not all
variables have the same significance, allowing to
ignore some of them (regularization). The prime
application difference between LDA and PCA is
that PCA performs feature classification (e.g. some
of the image parameters from our Cherenkov
telescope data are obtained by PCA), while LDA
performs sample classification.
5. Comparing the different methods

Results are shown graphically in Fig. 7, and
numerically in Table 1 giving several figures of
merit. The figure relates acceptances for signal (eg)
and background (ep): the Neyman–Pearson dia-
gram or ROC curve mentioned earlier (Section 3).
Table 1 gives as figures of merit loacc, hiacc,
significance s; and quality factor Q; their meaning
is the following: loacc is the arithmetic mean of
values of signal (gamma) acceptances eg obtained
by interpolating the curve at the points 0.01, 0.02,
and 0.05 for background (hadron) acceptance ep;
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hiacc is obtained in a similar way by averaging eg
at the points 0.1 and 0.2 (again for ep); Q is defined

by Q ¼ eg=
ffiffiffiffi
ep

p
; the value given is that obtained at

eg ¼ 0:5 (Q often takes very large values at low eg);

the significance s is defined by s ¼ S=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2B þ S

p
;

where S ¼ egNS and B ¼ epNB are the number of

signal and background events that would be
obtained by selecting events in samples with NB ¼
10 000 and NS ¼ 500: We give the value of s
obtained at eg ¼ 0:5; and the maximum value

along the curve, along with the value of eg where it

is found (in some cases this is at an unacceptably
low eg).
Table 2

Results in three energy bins, for the nearest-neighbour method, us

parameters are described in the text

loacc hiacc

High energy ðX126 GeVÞ 0.672 0.885

Medium energy 0.455 0.780

Low energy ðp63 GeVÞ 0.277 0.707

Full sample (as in Table 1) 0.448 0.816

Fig. 7. Several classification methods compared; a logarithmic

axis is used to better show the low-acceptance region. Results

are grouped: class A are regression tree and PDE methods, class

B contains various Neural Net methods, class C comprises

SVM, direct selection, LDA, and composite probabilities. For

comparison with present telescopes, a (nearest-neighbour)

result for events with incident energies above 120 GeV is also

shown.
6. Dependence of results on energy

We have recorded in our sample, along with the
parameters, the energy of the incident particle
(Monte Carlo value). This has been used to split
our samples into three bins of energy, using
boundaries that give approximately the same event
count for the signal sample, resulting in bound-
aries at 63 and 126 GeV: The discrimination level
obtained for events selected by energy is different
for the three bins, when using the overall result
obtained for the full sample containing all
energies; the best results are obtained for high
energies; as shown here for the nearest-neighbour
method (the quality parameters have the same
definition as shown above) (Table 2).

When splitting the samples and calculating
separate selection algorithms, the effect is very
clearly enhanced, and all results are substantially
improved: better separation is possible for events
in an energy range if a selection procedure is
derived for events in this range, than when
mixing them with events of different energies
(Table 3).
7. Issues of algorithm implementation

The results of several methods seem to be
qualitatively similar. Among the well performing
methods, ease of implementation, robustness,
computer time for classification, and maybe
other secondary criteria may eventually have to
decide the method(s) to be used. We have been
most convinced by the simple implementation
of the kernel and nearest-neighbour methods,
ing as reference events the full training sample. The quality

Q0:5 s0:5 smax eg

10.0 14.44 14.47 0.522

2.5 7.77 10.25 0.280

1.6 5.43 6.72 0.672

2.6 8.03 9.12 0.317
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Table 3

Results in three energy bins, for the nearest-neighbour method, using as reference events training samples of the same energy bin. The

quality parameters are described in the text

loacc hiacc Q0:5 s0:5 smax eg

High energy 0.798 0.936 13.9 15.06 15.80 0.549

Medium energy 0.539 0.825 4.0 10.56 12.42 0.384

Low energy 0.325 0.759 2.3 7.18 7.44 0.535
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and by the fact that both do not need training
samples, whose data are to be used with some
caution in the analysis. On the other hand, the
substantially shorter computer time per event
decision may make classification forests an attrac-
tive alternative.
8. Conclusions and caveats

We observe from the above results that the
results from classification trees, kernel, and near-
est-neighbour methods are very close to each
other; Neural Net (ANN) methods give results
over a wide range, between the very best and
rather mediocre. This effect is not fully under-
stood, and probably show that under the ANN
umbrella name, very different methods exist, and
that ANN methods need deeper understanding,
they certainly cannot be used off the shelf. They
also seem more sensitive to highly correlated
parameters in the input (some of the results shown
were obtained after reducing the number of
parameters). The last group of methods (compo-
site probabilities, direct selection, LDA and SVM)
can be considered inferior.

The three classification tree methods all use
multiple trees, results from single trees are inferior
and not shown. The Random Forest method
clearly outperformed the two more classical tree
growing methodologies C5.0 and CART.

A systematic comparison of methods, as we
intended to perform, may give a conclusive result
for the given data set. Some of the methods under
study show to be superior to direct cuts in
parameters, used so far in the analysis of all
Cherenkov telescope data, which confirms earlier
results [28,30,31]. The best results also are in good
agreement among themselves, most likely demon-
strating that close to those results, there is a limit
(the Bayesian limit) in separability that can be
attained.

However, the conclusions that can be drawn
from the results are valid for our input data,
Monte Carlo events for a Cherenkov telescope. An
extrapolation of those conclusions to different
data samples like observations in real-life Cher-
enkov telescopes, must be validated anew. Gen-
eralization to other problems, obviously, is even
less addressed by a case study like the present one.
A publication of results may, however, facilitate a
future validation process, and the study does
perhaps allow to discard some of the inferior
methods in some generality.

The methods under study all assume an abstract
space of image parameters, which is well adapted
to Monte Carlo situations—and maybe only to
these: real data are subject to influences that
distort this space. In the case of Cherenkov
telescopes, the star field in the field of view and
the night sky background change during observa-
tion, the atmospheric conditions vary consider-
ably, unavoidable detector changes and
malfunction will occur. Some of these observa-
tional effects are taken care of by the transforma-
tion from pixel contents to parameters, i.e. pre-
processing. None of these distortions of the
parameter space have been the subject of our
study, of course.

No classification method itself can, of course,
substitute improvements in pre-processing of the
image, or, for that matter, invent new, indepen-
dent parameters containing more information.
They may be derived from the image, but could
also be derived from new, independent observa-
tions, e.g. arrival time or energy of (Cherenkov)
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photons: to find these requires intuition in physics
and good understanding of the detector.
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